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Abstract
We found a gravity solution of p+1 dimensional extended object with SO(p)×SO(9−p)
symmetry which has zero pressure and zero dilaton charge. We expect that this object is a
residual tachyon dust after tachyon condensation of brane and anti-brane system recently
discussed by Sen. We also discuss the Hawking temperature and some properties of this
object.
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1 Introduction
The studies of dynamics of the tachyon on Dp-Dp brane system or unstable D-branes
attract great interests for a last few years since they gives the important non-perturbative
and off-shell knowledge of string theory. The analysis using string field theory (SFT) and
effective field theory on the brane is very useful and successful to understand the tachyon
dynamics. We have been naively expecting that the end of an annihilate or decay of
the brane anti-brane or unstable branes goes to nothing by emitting the graviton while
the tachyon is oscillating at the bottom of the potential. However, more recently, Sen
suggested the possibility of the residual tachyon matter after the tachyon condensation
where the tachyon is asymptotically rolling with a constant velocity on the minimum
of the runaway potential [1, 2, 3]. This tachyon matter possess two properties of the
absence of plane-wave solutions around the minimum and the exponential fall off of the
pressure towards zero while the energy is preserved. This kind of tachyon matter system
is discussed from the point of view of boundary string field theory (BSFT) [4, 5] and also
could contribute to the inflation or dark matter problems in cosmology [6]-[13].
Another approaches to these problems are not so clear and insufficient. Especially,
if we want to know an annihilation or decay process of the unstable D-branes as a bulk
gravitational dynamics we need a time-dependent decaying gravity solutions where the
tachyon rolls down to the minimum, but we have not obtained completely except for few
special examples like S-brane solutions [14, 15]. Alternative view point of the problem
is given by [16, 17, 18]. They use the general non-BPS p-brane solution [19, 20] with
three parameters and argue that these parameters correspond to the charges of brane and
anti-brane and the vev of the tachyon. We can see the decay process as one-parameter
deformation, which corresponds to tachyon vev, of the gravity solution. Of course, for
the general value of the tachyon vev open string theory is off-shell, but we expect that
off-shell open string theory also could be probed by scattering of on-shell gravitons and
other massless closed string through the modified Dirac-Born-Infeld (DBI) action. Unfor-
tunately, the three-parameter gravity solution has the ISO(1, p)× SO(9− p) symmetry,
which means there is no asymmetry between the energy and pressure, and contains no
information about vev of the tachyon velocity. So this three-parameter family solution
can not describe the tachyon matter conjectured by Sen.
In this paper, we use more extended solution with four parameters and the SO(p)×
SO(9−p) symmetry in order to describe the tachyon matter in a sense of the gravity of the
bulk. We find the energy-momentum tensor on the brane or boundary. This additional
new parameter gives an asymmetry with respect to the energy and pressure and we
expect this parameter corresponds to the vev of the tachyon velocity. The asymmetry of
the time and space directions in the brane metric allows the pressure to be zero by tuning
the parameters even though the energy is fixed at a constant value. In addition to the
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condition that the pressure of the tachyon matter is zero, we need to set the dilaton charge
zero since the charge is proportional to the world-volume effective DBI action itself and
it vanishes at the minimum of the tachyon potential. So we solve these conditions and
find the gravity solution of the tachyon matter extended object with the zero pressure
and zero dilaton charge. If we start from the situation of the same number of Dp-Dp
branes, that is, the vanishing total RR charge, the solution has only one parameter which
determines the total energy of the system.
This paper is organized as follows. In the next section, we give a brief review of the
rolling tachyon or tachyon matter from the point of view of the world-volume effective
field theory, which was discussed by Sen. And also we define the energy-momentum
tensor and dilaton charge from the modified DBI action which are important in the
following discussion, and discuss the relationship between the string frame and Einstein
frame quantities. In Section 3, we calculate the energy-momentum tensor on the brane
and dilaton charge from the bulk gravity side by using the general four-parameter gravity
solution with the SO(p)×SO(9−p) symmetry. We use these results in order to determine
the tachyon matter solution of the zero pressure and dilaton charge in Section 4. Finally,
we derive the Hawking temperature of the zero pressure object and discuss on a stability
in Section 5. Section 6 is devoted to conclusion and discussion to the future problems.
2 Rolling Tachyon
We first consider the effective field theory on the Dp-Dp system or unstable D-branes,
which is a modification of the ordinary DBI action [21, 22, 23]
SBI = −τp
∫
dξp+1e−φV (T )
√
− det Aˆij , (2.1)
where
Aˆij ≡ gˆij + ∂iT∂jT, (2.2)
and T is a tachyon field and V (T ) is a tachyon potential. We note that all quantities in the
above action like induced metric gˆij are defined by the string frame metric of the bulk. We
apply the hatted notation to the string frame quantities in order to avoid confusing with
the Einstein frame ones. If we calculate the energy-momentum tensor from the modified
DBI action, we obtain
Tˆij = −τp
4
e−φV (T )√
− det gˆij
√
− det Aˆij(Aˆ−1)ij . (2.3)
If we assume that the tachyon field depends only on time, roughly we have
Tˆ00 ≃ V (T )(gˆ00 − (∂0T )2)− 12 , (2.4)
Tˆii ≃ −V (T )(gˆ00 − (∂0T )2) 12 . (2.5)
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Therefore if gˆ00−(∂0T )2 approaches to zero as the same behaviour as the tachyon potential,
Tˆ00 remains constant in time, but the pressure becomes zero. Actually, if we take the
tachyon potential as V (T ) ∝ e−αT/2 for large T , we find a classical solution of the modified
DBI action has the following form for the large time (x0) [24, 2]
T = x0 + Ce−αx
0
+O(e−2αx0), (2.6)
and Tˆ00 and Tˆii behave as
Tˆ00 ≃ 1√
2αC
, (2.7)
Tˆii ≃ −
√
2αCe−αx
0
. (2.8)
So the pressure exponentially dumps to zero with the constant energy as expected.
In the following discussion we will treat the above energy-momentum tensor in the
Einstein frame since it is more useful in the gravity calculation. Rewrite the modified
DBI action in the Einstein frame and calculating the energy-momentum tensor again, we
find the same expression as in the string frame up to a dilaton factor
Tij = −τp
4
e−
φ
2 V (T )√
− det gij
√
− detAij(A−1)ij , (2.9)
where Aij is now defined by using the Einstein frame induced metric
Aij ≡ eφ/2gij + ∂iT∂jT. (2.10)
So the energy-momentum tensor in the string and Einstein frame is proportional to each
other
Tˆij = e
−
p+3
4
φTij . (2.11)
Therefore a choice of the frames does not affect the discussion of the tachyon matter. If
we can find the pressureless object in the Einstein frame, we expect zero pressure in the
string frame too.
We also would like the another quantity which is a variation with respect to the dilaton
field
δSBI
δφ
= τpe
−φV (T )
√
det Aˆij . (2.12)
This is the modified DBI Lagrangian itself. So this quantity has to vanish at the min-
imum of the tachyon potential since there is no world-volume effective theory after the
condensation. We note that this variation depends on the frame. If we use the Einstein
frame, we can not conclude that the variation vanish at minimum. So we have to use the
string frame on this quantity. We refer this quantity as a dilaton charge in the following
gravity discussions.
3
3 Four-Parameter Brane Solution and Energy
-momentum Tensor
3.1 Gravity solution
The complete solution for brane like extended objects was found by [19, 20]. They
solve only the equation of motion for a coupled system of gravity, dilation and RR anti-
symmetric tensor fields in any dimensions. The ansatz for a p + 1 dimensional extend
object has SO(p) × SO(9 − p) symmetry, where SO(p) and SO(9 − p) are the symme-
try of the space directions on the brane-like object and the 9− p dimensional transverse
directions. This solution includes the well-known BPS Dp-brane, where the symmetry
on the brane enhances to ISO(1, p) Poincare´ invariance. For a general non-extremal or
non-BPS branes, the Poincare´ symmetry breaks to SO(p).
The SO(p)×SO(9−p) symmetric solution includes four parameters. If we now use the
notations of these parameters in [16], the metric of four-parameter solution is expressed
in the Einstein frame as
ds2 = e2A(r)
(
−f(r)dt2 + dxmdxm
)
+ e2B(r)(dr2 + r2dΩ28−p),
φ = φ(r), (3.1)
C(p+1) = eΛ(r)dx0 ∧ . . . ∧ dxp,
where
f(r) = e−c3h(r), (3.2)
A(r) =
7− p
32
(
3− p
2
c1 +
(
1 +
(3− p)2
8(7− p)
)
c3
)
h(r)
−7− p
16
ln [cosh(kh(r))− c2 sinh(kh(r))] , (3.3)
B(r) =
1
7− p ln [f−(r)f+(r)] +
p− 3
64
(
(p+ 1)c1 − 3− p
4
c3
)
h(r)
+
p+ 1
16
ln [cosh(kh(r))− c2 sinh(kh(r))] (3.4)
φ(r) =
7− p
16
(
(p+ 1)c1 − 3− p
4
c3
)
h(r)
+
3− p
4
ln [cosh(kh(r))− c2 sinh(kh(r))] , (3.5)
eΛ(r) = −
√
c22 − 1 sinh(kh(r))
cosh(kh(r))− c2 sinh(kh(r)) , (3.6)
and
f±(r) = 1±
(
r0
r
)7−p
, (3.7)
4
h(r) = ln
[
f−(r)
f+(r)
]
, (3.8)
k2 =
2(8− p)
7− p − c
2
1 +
1
4
(
3− p
2
c1 +
7− p
8
c3
)2
− 7
16
c3
2. (3.9)
As we can see in the above solution, the asymmetry between the time and space directions
on the brane is brought by the parameter c3 in f(r) of eq. (3.2) only. So if we set c3 = 0,
the ISO(1, p) symmetry of the world-volume is restored.
The detailed analysis for the three-parameter solution with c3 = 0 is discussed in
[16]. The solution is invariant under the Z2 transformations of these three parameters
(r0, c1, c2) and we can fix a physical range of parameters as r0, c1, k ∈ R+ and c2 ∈
(−∞,−1) ∪ (1,∞).
The total RR charge vanishes if |c2| = 1, so we expect |c2| = 1 corresponds to the
situation that the number of Dp (N) and Dp (N) branes is the same (N = N). Moreover,
in this neutral charged case, the physically relevant choice is c2 = 1 for p > 3 and c2 = −1
for p < 3 (for p = 3 the choices of sign are physically equivalent).
On the other hand, the BPS Dp-brane (N 6= 0, N = 0) is appeared in the limit of
c2 → ∞ for p ≥ 3 or c2 → −∞ for p < 3. If we consider the following scaling relations
for p > 3
r7−p0 → ǫ
1
2 r7−p0 ,
c1 → cm − ǫ 8k
2
(p+ 1)(7− p)cm ,
c2 → c2
ǫ
,
where cm =
(
32(8−p)
(p+1)(7−p)2
) 1
2 and
µ0 = 2c2kr
7−p
0 (3.10)
is fixed, then we finally obtain the metric of the BPS Dp-brane [26]
ds2 = H
p−7
8 dxµdx
µ +H
p+1
8 (dr2 + r2dΩ28−p),
eφ = H
3−p
4 ,
C
(p+1)
01...p = −
1
2
(H−1 − 1),
H = 1 +
µ0
r7−p
.
The meaning of the parameter c1 is also discussed in [16]. The authors conclude that
c1 = 0 corresponds to 〈T 〉 = 0 where 〈T 〉 is a vev of the tachyon field and c1 mixed with
r0 has a non-trivial relation to 〈T 〉. However, it is too difficult to find exact maps between
c1, r0 and 〈T 〉.
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Now let us turn on the parameter c3. The parameter c3 breaks the world-volume
symmetry to SO(p) and the solution (3.1) with four independent parameters (r0, c1, c2, c3)
includes the black p-brane solutions of [26] at (c1, c3) =
(
3−p
2(7−p)
,−2
)
and the Schwarzschild
solution at (c1, c2, c3) =
(
3−p
2(7−p)
,±1,−2
)
. Introduction of c3 produce the asymmetry
between time and space component of the energy-momentum tensor on the brane as we
will see in the following section. And also as we have mentioned in the previous section,
the velocity of tachyon ∂0T gives the different behaviour of the energy and pressure.
Therefore, although we can not determine the exact relation, we expect that there is a
relation between the parameter c3 and a vev of the tachyon velocity 〈∂0T 〉. We will show
in the following that a suitable choice of the parameters c1 and c3 makes a tachyon matter
gravity solution with a positive energy and zero pressure.
3.2 Brane system and energy-momentum tensor
We begin with the bosonic part of Type IIA/B supergravity action in ten dimensions
coupled with a boundary brane action
S = SG + SB, (3.11)
SG =
1
16πG10
∫
d10x
√−g
{
R − 1
2
∂µφ∂
µφ− 1
2(p+ 2)!
e
3−p
2
φF 2(p+2)
}
, (3.12)
SB =
∫
d10xδ(9−p)(r)LB, (3.13)
where SG represents a bulk supergravity action of the graviton, dilaton and anti-symmetric
RR fields, and SB is a boundary term which has a delta function distribution on the brane.
The Lagrangian LB in the action SB is the DBI type Lagrangian of BPS branes
LB = −τpe−φ
√
− det
[
e
φ
2 gij + 2πα′Fij
]
(3.14)
with tension τp, or the modified DBI Lagrangian of non-BPS branes, which we have used
in Section 2
LB = −τpe−φV (T )
√
− det
[
e
φ
2 gij + 2πα′(Fij + ∂iT∂jT )
]
, (3.15)
which contains the tachyon field T and tachyon potential V (T ) and we denote these
actions in the Einstein frame.
The Einstein equations of motion derived from (3.11) is
Rµν − 1
2
gµνR = 8πG10T
total
µν
= 8πG10
(
T bulkµν + δ
(9−p)(r)Tµν
)
, (3.16)
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where T bulkµν is an energy-momentum tensor contributing from the dilaton field and RR
(p+2)-form and Tµν is an energy-momentum tensor localized on the branes. The solution
(3.1), of course, simply satisfies the equation motion (3.16) on the all region except for
at r = 0, but our present interested part of the energy-momentum tensor is the localized
one on the brane which is the coefficient of the delta-function of r.
If we want to extract the delta functional distribution part of the energy-momentum
tensor from the general brane metric (3.1), we have to pay some attention to obtain it.
To see this, we first expand the metric around the asymptotically flat region as like as
gµν = ηµν + hµν , (3.17)
where ηµν = diag(−1,+1,+1 · · ·). If we now define
ϕµν ≡ hµν − 1
2
ηµνh, (3.18)
where h = hαα and use the fact that the Einstein frame metric satisfies the following
harmonic gauge
∂µϕ
µν = 0, (3.19)
then we obtain the following linear approximation of the Einstein equation up to the order
one of hµν
1
2
∇2ϕµν = −8πG10T totalµν . (3.20)
Following eq. (3.20), the delta function of r in the energy-momentum tensor comes from
the singular part of the order 1/r7−p in ϕµν by action of the Laplacian in the transverse
space.
Expanding the metric of the solution (3.1) as
g00 = −1 + α
(
r0
r
)7−p
+ · · · , (3.21)
gii = 1 + β
(
r0
r
)7−p
+ · · · , (3.22)
gMM = 1 + γ
(
r0
r
)7−p
+ · · · , (3.23)
where i = 1, · · · , p and M = p + 1, · · · , 9 represent the indices of the longitudinal and
transverse space, respectively, and here we define
α =
1
64
(
16(7−p)kc2 − 4(p−3)(7−p)c1 + (p2−14p−63)c3
)
, (3.24)
β =
1
64
(
−16(7−p)kc2 + 4(p−3)(7−p)c1 − (p2−14p+65)c3
)
, (3.25)
γ =
1
64
(
16(p+1)kc2 − 4(p+1)(p−3)c1 − (p−3)2c3
)
. (3.26)
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Finally we have an expression for the energy momentum tensor on the brane in the
Einstein frame.
T00 =
1
2
(α + pβ + (9−p)γ) (7− p)Vpω8−pr
7−p
0
16πG10
,
= (16c2k − 4(p−3)c1 − (9+p)c3) (7− p)Vpω8−pr
7−p
0
16πG10
, (3.27)
Tii =
1
2
(α− (p−2)β − (9−p)γ) (7− p)Vpω8−pr
7−p
0
16πG10
,
= − (16c2k − 4(p−3)c1 + (7−p)c3) (7− p)Vpω8−pr
7−p
0
16πG10
, (3.28)
TMM =
1
2
(α− pβ − (7−p)γ) (7− p)Vpω8−pr
7−p
0
16πG10
,
= 0, (3.29)
where we use the relation
∇2
(
1
r7−p
)
= −(7− p)Vpω8−pδ(9−p)(r), (3.30)
where Vp is a normalized volume of the brane and ω8−p is a volume of 8− p dimensional
unit sphere.
TMM = 0 means that the object is not extended in transverse space and all components
of the energy-momentum tensor are localized on the brane at r = 0. T00 is well known
as the Arnowitt-Deser-Misner (ADM) mass MADM, which agrees with other derivations of
[27, 28]. As we have noted before, if we set c3 = 0 the world-volume symmetry is restored
to ISO(1, p) and we have a restricted relation T00 = −Tii. So we can not reach at the
situation of the tachyon matter without the parameter c3.
3.3 Dilaton charge
Following the discussion in Section 2, the variation of the unstable Dp-brane action with
respect to the dilation field must vanish at the minimum of the tachyon potential. This
means that the source term of the bulk dilation filed also vanishes. Since this argument
is frame dependent, we derive the string frame equation of motion of the dilaton from the
action (3.11)√
−gˆe−2φ
(
Rˆ + 4∂µφ∂
µφ
)
+ 4∂µ
(√
−gˆe−2φgˆµν∂νφ
)
= −8πG10QDδ(9−p)(r). (3.31)
The contribution to the delta function comes from the total derivative term in Rˆ and
Laplacian of φ. If we again use the weak field approximation around the asymptotically
flat region, we have the following linearized Laplace equation
∇2
(
hˆMM − hˆ + 4φ
)
= −8πG10QDδ(9−p)(r). (3.32)
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Picking up the delta function pole from the order of 1/r7−p, we obtain
QD = (16c2k − 4(p+1)c1 − (p−3)c3) (7− p)Vpω8−pr
7−p
0
128πG10
. (3.33)
QD = 0 is a necessary condition at the minimum of the tachyon potential.
From the world-volume effective theory analysis, we can see that the space components
of the energy-momentum tensor Tˆii and the dilation charge are proportional to each other
up to some overall factor, but (3.28) and (3.33) in our analysis from the gravity side are
obviously not proportional. However, if we use the effective filed theory from BSFT [4, 5],
the pressure and dilation charge are simply not proportional to each other. From our
standpoint, we can not determine the explicit coupling of the bulk fields to world-volume
theory. So we do not straightaway think this fact is contradiction.
4 Tachyon Matter
Now we solve the condition for the tachyon matter, namely Tii = 0 and QD = 0 while
T00 6= 0. In the following arguments, we assume 3 < p < 7 and set c2 = 1 since we would
like to fix a physical region of the parameters and consider the case of the vanishing total
RR charge (N = N). From the eqs. (3.28) and (3.33), we find
(c1, c3) =
(
1
2
√
8− p
7− p,−2
√
8− p
7− p
)
(4.1)
k =
1
2
√
8− p
7− p, (4.2)
where there is an alternative choice of sign in c1, c3 and k as a solution, but we have fixed
by using the physical condition of T00 ≥ 0. Therefore, in the above parameter choice, the
energy or ADM mass is positive definite
MADM =
2
√
(8− p)(7− p)Vpω8−pr7−p0
πG10
, (4.3)
which includes only one parameter of r0 ≥ 0. We also note that all parameters are in the
physical region if p < 7.
Using eqs. (4.1) and (4.2), we find the relation of (c1, c3) = (k,−4k) and substituting
into the metric (3.1), we have the metric of the tachyon matter in the Einstein frame
ds2 = e−
1
2
kh(r)
[
−e4kh(r)dt2 + dxmdxm + (f−(r)f+(r))
2
7−p
(
dr2 + r2dΩ28−p
)]
, (4.4)
φ(r) = kh(r), (4.5)
where h(r) and f±(r) are also given by (3.8) and (3.7). This metric has the SO(p) ×
SO(9−p) symmetry and is static. This static gravity solution could describe the tachyon
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matter object which reaches a constant tachyon vev 〈T 〉 and velocity 〈∂0T 〉 after the
rolling tachyon condensation.
If we now rewrite (4.4) to the string frame metric by using relation gˆµν = e
φ
2 gµν , we
obtain
dsˆ2 = −
(
f−(r)
f+(r)
)2√ 8−p
7−p
dt2 + dxmdx
m + (f−(r)f+(r))
2
7−p
(
dr2 + r2dΩ28−p
)
, (4.6)
and the dilation field is again given by (4.5).
This solution is controlled only by the parameter r0. If the total energy of the system
decreases due to the emission of the graviton or evaporation, r0 also must decrease. In
the limit of r0 → 0, we have f±(r) → 1. So, the metric (4.4) or (4.6) become a flat
10-dimensional space in the limit of MADM → 0 as expected.
5 Hawking temperature
To discuss a quantum stability of the object found in Section 4, we need the semi-classical
thermodynamics of the above gravitational system, namely the Hawking temperature
of the brane-like object. The Hawking temperature is determined by avoiding conical
singularity on the plane of the Euclidean time and the radial coordinate. The some useful
expressions of the Hawking temperature and entropy for the general black p-brane solution
are derived in [28].
In our case of c2 = 1, if we define ǫ
7−p ≡ (r7−p− r7−p0 )/r7−p0 , the Hawking temperature
is given by the surface gravity at the horizon (r → r0 or ǫ→ 0)
TH =
1
2π

 ddr
(
f(r)1/2eA(r))
)
eB(r)


∣∣∣∣∣∣
r→r0
,
=
ξ
2πr0
ǫλ
∣∣∣∣∣
ǫ→0
, (5.1)
where
ξ =
7−p
128
(
16(7−p)k − 4(p−3)(7−p)c1 + (p2−14p−63)c3
)
, (5.2)
λ = −(8−p) + 7−p
32
(16k − 4(p−3)c1 − (p+9)c3) . (5.3)
This result means that if λ > 0 then TH = 0 and if λ = 0 then TH is finite, but if λ < 0
then the Hawking temperature diverges as long as ξ is a positive constant.
Now substituting our choice of the parameters in the pressureless object (4.1) and
(4.2), we find
ξ =
7
4
√
(8− p)(7− p), (5.4)
10
λ = −(8 − p) +
√
(8− p)(7− p), (5.5)
and λ is always negative for p < 7. This signals that the Hawking temperature of the
object we found is infinite and using the Hawking radiation argument the object is highly
unstable and may evaporate and disperse.
However, this conclusion of the semi-classical analysis is presumably too naive since we
do not use any information about non-interacting closed string pressureless gas localized
on the tachyon matter at the horizon. We need further discussions for the stability of this
object.
6 Conclusion and Discussion
In this paper, we found the metric of the p + 1 dimensional extended object without
the pressure and dilation charge. However, there is no conclusive evidence that our
gravity solution describes the tachyon matter discussed by Sen since we do not have
sufficient knowledge of the relationship between the world-volume open string tachyon
and parameters in the closed string bulk gravity solution.
We also do not know the explicit relation between the vevs in the world-volume effec-
tive theory (〈T 〉, 〈∂0T 〉) and the parameters in the gravity solution (c1, c3). Information
about the correspondence gives justification on the gravity description of the tachyon
matter.
To understand more deeply the nature of the tachyon matter, we have to develop
closed string theory on the background (4.6). String theory has a upper limit of the
temperature which is known as the Hagedorn temperature. So our semi-classical analysis
on the Hawking temperature may fail at the Hagedorn temperature of the closed string
on the brane. We hope that a string dynamics at high temperature gives us reason for
zero pressure and true properties of the tachyon matter.
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